Stanford University
Computer Science Department

Fall 2004 Comprehensive Exam in Algorithms

1. Closed book and notes/ No Laptops. Write only in the Blue Book.
2. The exam is timed for 60 minutes.

3. Write your Magic Number on this cover sheet and on the Blue
Book.

The following is a statement of the Stanford University Honor Code:

A. The Honor Code is an undertaking of the students, individually and collectively:

I. that they will not give or receive aid in examinations; that they will not give or
receive un-permitied aid in class work, in the preparation of reporis, or in any
other work that is to be used by the instructor as the basis -r.:,l"grﬂdl'ﬂg;

2. that they will do their share and take an active part in seeing to it that others as
well ax themselves uphold the spirit and letter of the Honor Code.

B. The faculty on its part manifests its confidence in the honor of iis students by
refraining from procloring examinations and from taking uwnwsual and
unreasonable precautions to preveni the forms of dishomesty mentioned above,
The faculty will also avoid, as far as practicable, academic procedures thal create

tempitations to violate the Honor Code.

C. While the faculty alone has the right and obligation fo sef academic Feguirements, the
students and faculty will work together to establish optimal conditions for
homorable academic work.,

By writing my Magic Number below, I certify that I acknowledge and accept the Honor Code.

Magic Number memmeesmsmmees



Comprehensive Exam: Algorithms and Concrete Mathematics
Autumn 2004

Thas i o one hour closed-book exam and the point total for all questions is GO.

In questions that ask you to provide an algorithm, please explaim the algorithm in words and
diagrams, no need to write code or peendo code. Also, for any algorithm, state and prove jits
running time. No credit will be given for exponentisl-time algorithms. Polynomial but slow
algorithma will get some partial credit. Amount of credit will depend on how miuch slower they
are compared to what is achievable using the knowledge in the reading list.

For full credit, the anawers should be short and precise. Long and convoluted answers will not
get full credit even if they are correct.

The following is a statement of the Stanford University Honor Code:

A, The Homor Code s an unrf&r.ta.k'mg of thae stndents, individoally and collectivedy:

(1} that thay will not glve or recelve aid in ecaminations; that they will pot give or recelve
pnpermitted ald in clase work, i the preparation of reporte, or oany other work that s o
b psed Dy the fnutroctor s the haels of greding:
(2} that they will do their share and take an active part in secing to it that others as well as
tlerracedves upilﬂ!d the spurit andd [etéer of the Homor Code.
B. The faculty on its part manifeste lte confidence fn the honer of ke students by rafraining from
proctoring examinations and from taking uonsoal and unressonable precautions o prevent the

forms of dishonesty mantioned above. The faculty will alss aveld, as far a2 practicable, academic
procedures that craate temptations to wiolate the Hosnor Code.

O While the facalty alone bas the right and obligation to set acadernic reguiremants, the students
and faculty will work together fo establish optimal conditions for honorable academic work.

By writing my “magic number”™ below, I certify that 1 acknowledgze and accept the Honor
Coda.
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1. [10 pts] Prove a tight asymptotic bound on the behavior of T(n) = 4T(/n) + logn,
where T'in) = 8(1) for n < ng, where ng 13 a constants.

2. |20 pts] Your goal is to design a data structure for handling sets of positive inbegers
{ropresentad by arrays). It should support the following operations:

e Given a set (represented by array of integers), add this set to the data structure.
(e.g. ADD [1,7,2,13,55])

o Given a sot (represented by array of integers), detele this set from the data structure,
For simplicity, assume thet this set is legal, ie. was added to the data stricture at
some point and was not yet deleted. (e.g. DELETE [7,550,78].)

o Compute the sige of the intersection of all of the setz in the dats strocture.

Use i to denote the number of sets, & maximum oumber of elements in & sat, and Q) total
number of distinet elements, For simplicity, assume that you knos the values of 0, 1, k in
advance. Make sure that your memory usage is polynomial in the size of the input data,

Make sure that dependence on @ is at most logarithmic. In other words, your data

structure should be optimized for the case where &) and n are large, while k is relatively
small.

Mo pesd to write pseudo-code, just explain what techniques/elementary data structures
you use and how you use them to implement each operation. Yoo are allowed to use any
data structures described in the reading list. In particular, it is ok to wse arrays, lists,
porbed lists, beaps, binary search trees, hashes, eto,

3. [16 pts] You are given a directed graph & = (V, E) with n nodes and m edges, and

two nodes & and ¢ Edges have non-negative weights, Given a path from s to {, redefine
“length” of this path to be the sum of the lengths of the edges along the path not counting
the longest edge on this path.
Design an algorithm to compute shortest path from s to ¢ using the modified definition
of length, Faster algorithms will get more points. Make sure you state the asymptotic
running time of your algorithm and provide proof that the algorithm is correct and that
the running time s indeed as stated.

4. [156 pta] You are given an array of n integers from 0 to n — 1, in sorted order starting
from 0.

o [3 pts] How much time will it take to convert this array into a heap 7

s [12 pta] Once the array is converted into a heap, pick a random element and
delete it from the heap, “fixing” the heap afterwards. What is the expected time of
this operation 7 Prove your answer. For simplicity, assume » is & power of 2.



