Comprehensive Exam: Algorithms and Concrete Mathematics
Antumn 2002

This is & one hour closed-book exam and the point total for all questions is 100,

1. {10 points) Let fin) = gvloen 44 gin) = n®, for some constant e. Which one of the
following claims is true;
(a) fin)=O(g(n])
(B) fin) = o{g(n))
(c] fin)=1gin]))
{d) fin) = wi{g{n})

Prrowve your answer,

2. (15 points)  Prowe a tight asymptotic bound on the behavior of T(r).
T{n) = T([0.4n]) + T([0.5n]) + n, where for & < 10 we are given that T(k) = 8(1).
Do not disregard the “ceiling™ operations, Le. provide s derivation that takes them into
aeconnt or explicitly shows that they do not change the result,

1. (20 points)  Prove that the follewing algorithmn generates a random permutation of the
numbers 1,2,...,mn:

Ser A[i] <= i;

For 4 = 1. 2. ..., ¢
j <= Random wniformly digtributed integer in range [i,nl;
SwaplA[1] . A[§1):

endf oxr

In particular, prove for all 4, j that Pridli] = 5} = 1/n.

4. (20 points) You are given a graph GV, E) with n nodes and two length functions:
I :E={1,2,....,n}and lg: E—={1,2,..., n}.
Given two integers a and b, and given two nodes s and 1, give an algorithm to check if
there iz & path from 5 to { whose length according to the function [; is at most g, and
whose length according to the second function I is at most b Prove the running time
of your algorithm and show that it is polynomial in n. [Hint: make use of the fact that
lengths are integers in & polynomial range.]



3. (15 points) A dominating =et in a graph GV, E) is a set of vertices § C V' such that
every verkex in V = 8 is adjacent to at east one vertex in 5.

Consider the following greedy algorithm for dominating set: Find the vertex with largest
degree. Include it in the dominsting set, and delete it and all its neighboring vertices
from the graph. Again find the vertex with largest degree in the remaining graph, lnclude
it in the dominating set, delete it and its neighbors from the graph, and so0 on. Repeat
till the graph is empty.

Show that there exist graphs with n vertices that have O/n)-size optimuom dominating
gat and whers the above algorithm produces a (much worse) On)-sise dominating set,
Partial credit for any other graph families that show that the above algorithm is not good.

6. (20 points)  Suppose you are allowed only equality cormparisons among objecta. In other
words, there is no ordering defined owver the objects; you can oaly check I two objects
ars muul or n-nr- You are g:lvm n nl:r]-eﬂa in amn arra:.' Shm' an G{ﬂ] =himme d:tm'ammstuc

a.mw For simplicity, you may mu.me r is apnm:rufi 10 Wmts ﬁ:nrarandmmmd
algarithm.






