Solotions
1a)Denote r= Ax—b; x=argminf| =argminr’r = argmin(z" A" Ax-2(A"8)" x +b"b)
Differentiating with respect to x and setting the result to zero, we get 24" Ax~24"b =10, or
AT Adx=A"b (2)
A is of full column rank => 4" A4 is nonsingular => (2} has a unique solution.
A" A is symmetric and positive definite == we can compute its Cholesky factorization
AT d=LIT,
where L - lower triangular. This allows us to reduce (2) to solving the triangular systemns
Ly=A"b, Lx=y.

b)First we want to decompose A inmmnpmduntg[ﬂ, Q:mxm orthogonal, R:nxn upper-

triangular; since A is of full column rank, R is nonsingular.
To reduce A to the upper-triangular form, we successively apply Householder transformations
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r
H,.HAd= [ K } . where H, =20 => orthogonal and symmetric.
v,ow
H, reflects a vector against the hyperplane v;". We choose v, so that H, zeros out the subdiagonal

If & = {a, with the upperi-1 entries set to 0}, then v,-&":t"&"r'lze,ummmﬂmaignischnsenmas
to avood cancellation.

Now, using this decomposition Qri=[g:|. QT=H_,..H1,
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b
lst QT'E' = I:-!':II:|’ b inxl, b :(m—n)xl;
2
2

c=orgmin] o e[ | - minc - + ) - i, <

o



c)

Computations Accuracy

MNormal equations ATA - = mn® flops; relative error in x is
Cholesky factorizati -m"?lﬂnps proportional to (cond(A))”
Triangular systems - O(n’)
um1+:—=ﬂnpﬂ

Householder 2 relative emmor in x s
transformations ~ 2mn’ +‘inj flops proportional to
cond(A) + |r|, (cond (A))*

For nearly square problems, m = n, the two methods require about the same amounts of work, but for

m >>n normal equations method is about 2 times cheaper than Householder method. On the other
hand, the Houscholder method is more accurate.

2 a) Via elementary symbolic calculations we obtain y{f) =e¥. As t =0, p(f) = +0.

1+ Ah/2 [1+1M1]
1-Ak/2 "¢ S CETYT

y0 o :*ﬁi;‘.ﬂ, (2+AR) <(2—-AK)’, 4dh<—4dh, Ah<O,

and since we assume h >0, this is true for all negative A.

AR Ak
b) .Tr'e.|{1‘?}=.}"t{l*?]= Fret =

fﬂt!.};.l-}'l'fﬁh] F}IHI]

c) We have Yea =¥ + 2 (1)
For the true solution  p(f) we can write
P =)+ L vl g, @)
where £ is some unknown term. From Taylor expansion we have two formulas:
h - h ah’
[ED JED - je S Wslrl
h)- flx—h éh’
.-r[I+ }MI_{I ]=f'[;]+!T"' pllilfﬂ]lf i

Regrouping (2) and applying these formulas, we get:
I&]
£ W)= y) V)V E)_ iy, 31 By, ) -T2 (L -Th?, s

,ﬂ < l”m" | <. Hence |£|< E{I ¥ + "J,m]c}ha_ @)

MNow denoting &, = v, — »(t;) and subtracting (1)-(2), we get

Ehl =Et + f{'h.]"'i:l";“p}'{ﬁ}}h+..ruhnl"t“}_{“huj'[!h:}}h_;1
Then using Lipschitz-continuity of f,

Bl <ol + 240 |+ Eoal e a-EDo| s 0+ S04+ e,
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1+ Lh/2 E _l+Lki2 1
‘5‘”‘151—;,1:!1*5*'”‘1—.;&;2Ell—.r,nf.?"s*l"zm for hs7-
To simplify this, consider the general situation: x,,, <ax, +b. Applying this inequality recursively,

i

weget x, sa'z, +b(a"" +a"7 +. .+ 1)=a"x, +J!:r"':I _ll. The first term in our case disappears,
L+ Las2|"
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1+ Lhki2
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because w(0) = y, =1; therefore |5,|< 2|

and hence

Now since k =1, /A,

lt'-‘a157-|s‘1 +a‘{.h] 1':1 Lhi2)< |-:1¢"-+${J.; L

h:rtTE{ly'lc+}ymlc}ﬁ], and &(h) =0 as h—0. Thus |5,|<Ch* for sufficiently
small k.

3a) Let H{x)=fla)+(x- n}M, then

(x~ a:ﬁ! 10)- fta}_{b —a) m},rfm f@) _ o oL@+ 1)
2

= f.r{:}:iu fla)b-a)+ |

b) Let I, =]_.F|[x}u'x, A=b-a.

@+ =f@+ f@u+ @O, L =f@ssf@ 4. sl

fib—t)=f(b) uf’ibJHf'lﬂ:.:r'E, I, =_f[b}ﬂ—f'{b]%+ ﬂi,

= 1B ] s

Averaging the two expressions for [, we obtain

El 1
fﬂ=ﬁa};ﬂ&}a+dzﬂ%=1+ﬂ%, where C=’!;E, This implies 14'“—!15;_{1{-@-
¢) Let 7, I be the true integral and our estimate correspondingly for the ith subinterval. Then

L3, 1-3.
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