Comprehensive Exam: Algorithms and Concrete Mathematics
Autumn 2000

This iz & one hour closed-book exam and the point tofal for all questions is 60,

All af the intended answers may e written within the space provided. IF necessary, you may
uge the back of the preceding page for additional seratch work. If you to use the back side of a
page to write part of your answer, be sure to mark your answer cleacly.

The following is a statement of the Stenford Univerarly Homor Code:

A. The Honor Code 8 an undertaling of the students, individieally and collectivaly:

(1] chat they will pot give or recaive aid in examinations; that they will not give or
receive wnperniited abd in class work, in the preparation of reports, or in any other
work that is fo be used by the Instructor a= 'v  basis of grading;

(2} that they will do their shar- part in sesing to it that others as
well &5 themselv the Honor Code,

B. The faculty on its pa anor of its students by refraining
from proctoring exan ind unreasonable precawtions fo
prevent the formes of d Bcwlty will also avoid, &8s far as
practicable, academic g to viclate the Homor Code.

C. While the faculty alope! - 2t acedemic requirements, the
students and facwity wil -~ establish opéimal copditions for bonerable
academic work,

By writing my “magic pumber” below, T certify that 1 acknowledge apd accept the Honor
Code.

{Numnber)

Prob | # 1| # 2| # 3| # 4| +#5 | Total
Score
| Max

10 [ 20 | 10§ 10 | 10 | &0

AA



. (10 points)  Big- Ok notation, Running times

For each of the following functions, circle the best upper bound from among the choices
given. You only need to circle one amswer in each ease. For example, if you say that a
function is Ofn), you do not need to also say that it is also O{n®), O(nlogn), and 50 on.

{a) fin)=Mm

Chooss: Qn) O O@R®  Ollegn) Olnlogn) O(?*) none
(b) fin) = (R +1){/n=1)n

Choose: n) O@n* OR®) Ollgn) Olnlogn) O2*) none
(e) Fir) =422 + 5nd bog n £+ 121231234

Choose: Ofn) On®) On% Ollogn) Ofnlogn) ) pone
(d) fm)=n"

Chooses Qln) On* O0mn* Ologn) Ofnloga) 2  noae

For each of the following programs (or fragments therecf) give a good upper bound oo
the running time of the alzorithm using “big-Oh" notation, as a function of the saloe of
.

(e} (2 points)
for i from 1 to n do
for 7 from @ to n dao
{ something that is Oflogr)

(f) (2 points)
f* print n in binary if n > 1; mod runs in constant time */
bprint{n)
if & = 0 then
bprint{|n/2]);
print{n mod 2};



2 {..?ﬂpﬂrﬂﬂ_:l Rerurrences,
Solve gack of these three recurrences. You may give an exact solution, or give & good
upper-bound using big-oh notation.

a) If fin) = f(n/2) +logn, with fil1) =0, then find a closed form expression for fin).

b) If g{n) = 2g(n/2) + /(n), with g{0) = 0 and g(1) = 1, then find & closed form
expression for gin).



c) If Aln) = R{n/2) + hin/d), with &{0) = k(1) = 1, then find a closed-form expression
for k{n).




i. (10 points)  Motcking.
Croe day, upon returning from the laundromat, | realize that, as vsaal, ['ve lost & few
socks. In [act, no two of my socks are an exact match! Luckily, though, some of them are
close and I have a similarity scoring function: any fawo socks ¢ and § have an associated
seore b = &; < 1 which is large if they are very similar and small if they are very different.
Maturally, 843 = & for all ¢ and §. T have an even pumber of socks and decide to try to
put my socks together two-by-twio 50 a8 to maximize the sum of scores,

I decide to use the ollowing greedy algorithm:

Repeat until all socks bawe matbes:

# Pick a random onmated sock .

* Among the other unmated socks, find the sock § so that sy s maximum
{i.2., no other unmated sock k has ag > &)

Show that thiz method may produce a poor matching. More specifically, the score for
a matching iz the sum of the similarty scores for the pales [ pick. Shew that for any
0= & = 1, there i3 a set of socks, and similarity seoring funetlon as deseribed above, 8o
that if 1 pick socks in & particular order [ will get & score less than & times the score for
the best overall matching of this set of socks.



4. (10} points)  Amorbized Analysis.

A bank offers a combined savings,'checking account with options to depesit §1000 to the
savings sccount, deposit 31000 to checking, withdraw an integer moltiple of $1000 from
the savings account, withdraw an integer multiple of 1000 from checking, or transfer
an integer multiple of 81000 from the savings to the checking account. Each of these
operations has a certain overbead cost to the bank, but actually storing the money coats
them nothing, (In the event that wvoo attempt to withdraw more money from an scoount
than you actually have in that account, or to transfer more money from savings than you
hive in savings, the opecations fails and costs pothing to the bank] Below iz a table of
the aperations and the cverhead costs to the bank for sach of them |::u_'ﬂ1.|.1'.rbE o and .'3 Are
constants):

Oiption Actual Cost to the Bank
Deposit $1000 to Savings o

Deposit $1000 to Checking &

Withdraw & = 81000 om savings o+ kg

Withdraw &k = §1000 from checking o+ kG

Transfer k = §1000 from savings to checking || o+ k8

(a] Say vou open an accownt today with o balance of 8], Show that the bank can offset
the overhead costs from your first » operations by simply charging an (1) service
fes every time you deposit to savings or checking, That is, give an amount the bank
could charge so that, regardless of vour first & operations, the overhead would not
exceed the total service charge, and show why this fee would offset the overhesad
coste.



(b} Mow say the bank adds & sixth option: "transfer an integer muoltiple of 1000 from

{c

—

checking to sawings,” and assume that the bank decides it will still only charge &
gervice fee for deposits, and that this fee will still be copstant, Show that, no matter
what the service fee 18, vou could open a new account (also with an initial balance
of #0} and perform a series of operations 5o that the bank would lose momey,

(10 points)  Dynamic Progromoming.
Asgume you bhave an oot log (ie., a teee trunk, not a logerithm) that has a few
marks apraypainted on it, indicating that you need to saw it at these places For

exaraple, the log may ook like the one below:

i} 4 5 L] 10

where the pumbers indicate distance from the left end of the log. Assume further
that the cost of making a particular cut is the length of the section in which you
mieke the eut. For example, in the diagram, i we et fest at 4, then at 5, then at G,
the cost is 10 + & + 5.
Give an efficient, dypamic-programming algorithm for deciding the cheapest cut
order. More precisely, assume you are given a list L = (I, [z, ..., {;) of cuis, where
the ith cut §; B given as the distance between the keft end of the log amd the place
at which that cut iz to be made. (The above log would have the list L = (4,5, 6).)
Your algorithm should take such & list and output an ordersd list L that gives the
cuks in the cheapest order,



Also, give & big-Oh time bound for vour algosithm,




